ABSTRACT. -If A is a graded connected algebra then we define a new invariant, polydepth A, which is finite if Ext * A (M, A) = 0 for some A-module M of at most polynomial growth. THEOREM 1: If f : X → Y is a continuous map of finite category, and if the orbits of H * (ΩY ) acting in the homology of the homotopy fibre grow at most polynomially, then H * (ΩY ) has finite polydepth. THEOREM 5: If L is a graded Lie algebra and polydepth UL is finite then either L is solvable and UL grows at most polynomially or else for some integer d and all r, 
Important examples appear in topology. Let X be a simply connected topological space with rational homology of finite type. Then the rational homotopy Lie algebra L X of X is defined by and the Hurewicz map extends to an isomorphism, [10] ,
−→ H * (ΩX; Q).
Analogously, if X is a finite n-dimensional and r-connected CW complex, then for primes p > n/r, H * (ΩX; F p ) = U E for some graded Lie algebra E [8] .
If M is a module over a (graded) algebra A then the grade of M , grade M , is the least integer q (or ∞) such that Ext q A (M, A) = 0. And if V = {V i } i 0 is a graded vector space then V has at most polynomial growth if for some constant C, and some non-negative integer, d,
In this case the least such d is called the polynomial bound for the growth of V and is denoted by polybd(V ). If V does not have at most polynomial growth we put polybd V = ∞ and we say that V grows faster than any polynomial.
In this paper we combine these two notions in the DEFINITION. -The polygrade of an A-module, M , is the sum, grade M + polybd M , and the polydepth of A is the least integer (or ∞) occurring as the polygrade of an A-module.
In the case A = U L the unique augmentation U L → lk makes lk into a U L-module, and by definition, the grade of lk is the depth of U L. Since polybd lk = 0 it follows that:
Moreover (cf. Proposition 1.6) if dim L < ∞ then equality holds. We shall abuse notation and refer to these invariants respectively as polydepth L and depth L.
Note that Ext Depth has been a useful concept in topology because, on the one hand, LusternikSchnirelmann category satisfies [1] depth L X cat X and, on the other hand [3] [4] [5] , finite depth has important implications for the structure of a graded Lie algebra.
The purpose of this paper is to show that essentially the same implications follow from the weaker hypothesis that polydepth L is finite, while simultaneously identifying a larger class of topological spaces and Lie algebras for which the weaker hypothesis holds.
Indeed, we have
Proof. -The fibration determines an action up to homotopy of ΩY on F , which makes H * (F ) into an H * (ΩY )-module. According to [6] , grade H * (F ) cat f . ✷ Our main structural theorems read: 
Remark. -In [7] it is shown that if L = L X where X is a finite 1-connected CW complex, then we may take d = dim X in Theorem 5. 
Now use the exact sequence associated to the inclusion
Remark. -It follows from the Corollary that we may improve Theorem 1 to the inequality 
, and this is the homology of the Cartan-Eilenberg-
This filtration determines a convergent spectral sequence, introduced by Koszul in [9] , and which is the Hochschild-Serre spectral sequence when E is an ideal. The E 1 -term of the spectral sequence is Tor
for some x ∈ L/E. Choose M so that polydepth L = polygradeM and apply Lemma 1.1 with 
shows that each graded Lie algebra is a sub-Lie algebra of a Lie algebra of finite polydepth. The previous corollary gives restriction on a Lie algebra L for being a sub-Lie algebra of a Lie algebra of finite polydepth, K, when the quotient has at most polynomial growth.
Proof. -As observed in the introduction, polydepth L depth L. On the other hand, by Lemma 1.1, polydepth L = polygradeM for some monogenic module M = U L · x. Now Theorem 3.1 in [3] asserts that polygrade M = depth L. ✷ Now suppose L/I is finite dimensional. Then Theorem 3.1 in [3] asserts that 
Proof of Theorem 2
Substitution in the equation above gives
Since this holds for all k the theorem is proved.
Solvable Lie algebras
LEMMA 3.1. -Let L be a Lie algebra concentrated in odd degrees. Then
In particular
and this is the limit of Tor
Since U L n is a finite dimensional exterior algebra and U L is U L n -free it follows that Ext + UL n (−, UL) = 0, and so Ext By the above, p = 0 and so there is a non-zero Now if J has solvlength k then its (k + 1)st derived algebra is abelian and so finite dimensional. Thus for some r, J r has solvlength k − 1. By induction, J is finite dimensional.
By hypothesis L/I is the sum of its solvable ideals. Since these are finite dimensional, each x ∈ (L/I) even acts locally nilpotently. Thus (L/I) even = E(L/I), and this is finite dimensional by Theorem 2. But L even ∼ = (L/I) even since I is concentrated in odd degrees.
Suppose L even ⊂ L 2n . Since L >2n is an ideal in odd degrees of finite polydepth,
(ii) ⇒ (iii). Clearly polybd U L dim L even , so the latter must be finite. It is trivial from the
Thus 2 d(n)

K[nd(n)]
r for some constant K and some integer r, r 1. It follows that
n sufficiently large. (iii) ⇒ (i). Choose N so that I = L N is concentrated in odd degrees. Then U I is an exterior algebra and so 
Hence polybd Tor 
The identity on U L shows that polydepth L = 1.
n + 1, and where I is generated by the relations
Then polybd U L = 2, so that L has finite polygrade. On the other hand, L is solvable but not nilpotent, and is the union of the infinite sequence of the finite dimensional Lie algebras I N generated by a, x 2 , . . . , x N .
Proof. -We first prove by induction on n that for any U L-module M that has at most polynomial growth, we have
Consider the Hochschild-Serre spectral sequence 
Proof. -We distinguish two cases. Case A: L even contains an infinite dimensional abelian sub Lie algebra E.
Choose n so that dim E n (r + 3) polydepth L. Then there is a finite sequence
in which I(j) is an ideal in I(j − 1) and I(l) n = E n . By Proposition 1.3, polydepth I(q) polydepth L. Thus without loss of generality we may suppose that L = I(l), i.e. that L n is an abelian sub Lie algebra concentrated in even degrees and that dim L n (r + 3) polydepth L.
Let M be a U L-module such that
and put m = grade M . As observed in the proof of Proposition 1(ii),
On the other hand, U L n is the polynomial algebra lk[y 1 , . . . , y s ] on a basis y 1 , . . . , y s of L n . Because of (5) it is easy to see (induction on s) that this basis can be chosen so that for some
It follows that for any r, and k sufficiently large,
This proves Proposition 5 in case A. Case B: Every abelian sub Lie algebra of L even is finite dimensional. Let I be the sum of the solvable ideals in L. Then I even is finite dimensional and polydepth L/I is finite (Theorem 3 and Proposition 3.3). Thus all abelian sub Lie algebras of L/I are finite dimensional. Thus it is sufficient to prove case B when L has no solvable ideals.
There are now two possibilities: either L = L even , or L has elements of odd degree. In the latter case the sub Lie algebra generated by L odd is an ideal, hence non-solvable and of finite polydepth. Let L(s) denote the sub Lie algebra generated by the first s linearly independent elements x 1 , . . . , x s of odd degree. For s sufficiently large, polydepth L(s) polydepth L (Proposition 1) and dim L(s) even > polydepth L (obvious). Thus L(s) cannot be solvable (Theorem 3). In other words, we may assume that either L = L even or else L is generated by finitely many elements x 1 , . . . , x s of odd degree. In either case set E = L even , and note that dim E is infinite.
Define a sequence of elements z i and sub Lie algebras E(i) by setting E(1) = E, z i is a nonzero element in E(i) and E(i + 1) ⊂ E(i) is the sub Lie algebra of elements on which adz i acts nilpotently.
Since E contains no infinite dimensional abelian Lie algebra some E(N + 1) = 0 and 
On the other hand, choose n so that Finally, recall that either L = L even or else L is generated by the elements of odd degree x i . In the former case L = E and the proposition follows from (6) and (7) . In the second case we have Since d is independent of r, the theorem is proved. ✷
